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Abstract 

General formulae for the spin-spin correlation parameters Cij and spin-transfer 
coefficients Kj are derived for the reaction N N —* Y Q + at the threshold for an 
arbitrary spin of the pentaquark + . It is shown that a measurement of the sign 
of C yy or an observation of the non-zero polarization transfer from the nucleon to 
the hyperon Y allow one to determine the P-parity of the + unambiguously and 
independently on the spin of the G + . Measurement of these spin observables in the 
both pp- and pn- channels of this reaction determines also the isospin of the + . 
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1 Introduction 



Experimental indications [1,2,3,4,5,6,7] to existence of an exotic barion with 
the strangeness S — +1, called as the 6 + (1540), which presumably consists 
of five constituent quarks, stimulated many theoretical works. An important 
task now is an experimental determination of the quantum numbers of the 
+ . Model independent methods for determination of the P-parity of the pen- 
taquark 6 + in the reaction NN — > Y Q + were suggested in Refs. [8,9,10,11]. 
These methods are based on such general properties of the reaction amplitude 
as angular momentum and P-parity conservation and on the generalized Pauli 
principle for nucleons. It was shown that the sign of the spin-spin correlation 
parameter C y , y determines unambiguously the P-parity of the 6 + , no, in the 
reaction pp — > S + + [9]. Another strong correlation between C y>y and ttq is 
valid also for the pn A°6 + reaction [10,11] if the isospin of the 6 + equals 
to zero. Furthermore, measurement of the spin transfer coefficients K% = K% 
or K z z of these reactions also allow to determine the P-parity unambiguously 
[10,11]. A measurement of the polarization transfer from the initial nucleon 
to the hyperon in the reaction NN — > YQ + can be perfomed by a single 
spin experiment with polarized beam or target, because the polarization of 
the hyperon can be measured via its weak decay. However, the results of Refs. 
[8,9,10,11] are based on the assumption that the spin of the 9 + is equal to |. 
Up to now the spin of the 6 + is not known, as well as the P-parity and isospin, 
and within some models its value can be |. In this work we derive formulae for 
the spin observables of the reaction NN — > Y @ + at the threshold for general 
case of arbitrary spin of the + . Analysis is based on common properties of 
the reaction amplitude and the standard method of the spin-tensor operators 
[12]. We derive also a full spin structure of the cross section of this reaction 
for the case of the spin-| particles taking into account all polarizations in the 
initial an final states. 
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2 Formalism 

Assuming dominance of the S-wave in the relative motion in the final system, 
the most general expression for the amplitude of the binary reaction 1 + 2 — > 

3 + 4 at the threshold can be written as [13] 

T ^= E Ui^j2^\SM s )(j 3f i 3 j 4f i 4 \JM)(SM s Lm\JM)Y Lm (^)a L j S . 

J M 
S Mq L m 

(1) 

Here ji and \ii are the spin of the i-th particle and its z-projection, J and 
M are the total angular momentum and its z-projection; S and L are the 
spin and orbital momentum of the initial system, respectively, and Ms and m 
are the corresponding z-projections. An information on the reaction dynamics 
is contained in the complex amplitudes a L j S . The sum over J in Eq. (1) is 
restricted by the conditions J = j 3 + j'4, j'3 + j 4 — 1, \j 3 — j 4 1 . We choose 
the z-axis along the vector of the initial momentum k, therefore y^ m (k) = 
^/(2 L + l)/47r5 m0 . Due to P-parity conservation, the orbital momentum L in 
Eq. (1) is restricted by the condition (— \) L = n, where n = 7Ti 7r 2 7r 3 7r4 is the 
product of internal parities of the participating particles, 7Tj. We consider here 
mainly transitions without mixing the total isospin T in this reaction 2 . For 
the fixed T and ir the spin of the initial nucleons S is fixed unambiguously 
by the generalized Pauli principle: (— l) s = n(— 1) T+1 . Therefore, in order to 
determine the P-parity 7r of the system at given isospin T, it is sufficient to 
determine the spin of the NN-system in the initial state of this reaction. Using 
Eq.(l) one can find the polarized cross section da(pi,p 2 ) as the following 

d*(Pi,P2) = $ £ \T^ = ^-E(W^2\S M ) 2 x 
x ]T ^/(2L + l)(2L' + l){SML0\JM){SML'0\JM)a L J s {a I }' s )*,{2) 

J MLL' 

2 The isospin mixing is possible, for example, in the reaction p + n — > S° + + , if 
the G + is the isotriplet. In this case the P-parity can not be determined by using 
the method in question. 
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where $ is a kinematical factor. Using the relations (|//i|// 2 |00) = xXt|X^ + 
and (^/ii|/i2|lA) = X^ 1 cr A^|X^ + , where <7j = A) is the Pauli matrix and 
Xn is the 2-spinor, one can find 

(^ 1 i/i 2 |00) 2 = i(l- Pl -p 2 ), (3) 



( l 1 ,-,^2 Jl 1 + Pi • P2 - 2p lz p 2z , M = 0, 

2 2 ± (PU+P2z) +PuP2zJ, M = ±1, 

In Eqs. (2), (3) and (4) pj is the polarization vector of the i-th particle with 
the spin ji = | being in the pure spin state Xm ■ The unpolarized cross section 
is given as 

d* =*\ e i^i 2 = ^E(2^+i)i^ s r (5) 

J,L 



2.1 The spin singlet initial state 



Using Eqs. (2), (3) and (5) one can find for the spin-singlet polarized cross 
section the following formula 

d<r(pi,p 2 ) = d<7 (l - Pi • p 2 ), (6) 

In notations of Ref . [14] , non-zero spin-spin correlation parameters for this case 
are the following: C X)X = C y ^ y = C ZyZ — — 1. 

In order to find spin-transfer coefficients, one should consider the following 
cross section 

<MPi,P 3 ) = $ E W£| 2 . (7) 

The polarization vector pi of the particle 1 in the right side of Eq.(7) can be 
found only in the following sum 

E(^4H00) 2 = \ Y,(xtJ°yxZ )+ )(xl(-i°y)x^) = \s P (l + a ■ Pl ) = \. 

(8) 
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Since the vector pi is absent actually in the right hand side of Eq. (8), one 
should conclude that the all polarization transfer coefficients are zero for the 
spin-singlet initial state: K{ = 0(i,j = x,y,z). The obtained results for Cjj 
and K{ are valid for any values of the spins j 3 and j 4 . 



2.2 The spin triplet initial state 



For S = 1 and M = Eq.(2) can be written as 



da M=0 ( Pl , p 2 ) = + pi • pa - 2p lzP2z ) £ \VJaj- 1 - VjTTa J j +1 \ 2 . (9) 

16 7T j 

We come to this formula from Eq.(2) using Eq. (4) and the following for- 
mulae for the Clebsh-Gordan coefficients: (1 J0| JO) = 0, (1 J - 1 0| JO) = 
y / J/(2J- 1), (10 J + 10|J0) = ^J+ l/(2J + 3). In order to simplify the 
notations, we omit in Eq.(9) and below the superscript S = 1 in aj S . The 
sum over the projections M — +1 and M — — 1 into right hand side of Eq. 
(2) gives 

■ m= ±% ^ $ n ,„ „ jE.lv/Ja^ + v/JTla^- 1 ! 2 , if (-l) J = 7r, 

do (Pl,P 2 J = T^-(l+PlzP2zJ < /0 7.1M JI2 -f / i\J+l 

167T [Ej(2J+ 1) |aj| 2 , if (-1) J+1 = 7T, 

(10) 

Here we used the following relations: (11 J — 1| JO) = (11 J — 1| J — 10) = 
v / JTT/y / 2(2J+ 1), (11 J - 1|J + 10) = v / J/ v /2(2J+ 1). Using Eqs.(9), 
(10) and (5), one can present the polarized cross section (2) in the following 
standard form [14] 

<Mpi,p 2 ) = da (1 + C XiX p lx p 2x + Cy : yp ly p2y + C ZjZ p lz p 2z ), (11) 
where the spin-spin correlation parameters given as 



r 1 - c 

^x,x ^y,y 



\/J + la 



J+l|2 
J 



Ejl(2J+1) 



Cz,z — 1 



2C 



y,yi 



(12) 
(13) 
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As it seen from Eq. (12), the spin-spin correlation parameters are non-negative 
for transversal polarization. 

Considering the sum ^^(l/^/^llM^/^/^IlM'), one can find that this 
sum contains explicitly the polarization vector pi. Therefore, in contrast to the 
case of S = 0, the spin-triplet initial state S = 1 allows a non-zero polarization 
transfer in this reaction. In order to get the spin-transfer coefficients we use 
below a general method developed in Ref.[12]. 



3 General method 



According to Ref.[12], the amplitude in Eq.(l) can be written as 

^A*l fJ-2 ~ Xja M3 X?l Ml X?2 jXII (14) 

where F is an operator acting on the spin-states of the initial and final parti- 
cles. This operator can be written as 

F= E T^xi mi (l)xi m p)x ]3m MXu m M, (15) 

mi rrt2 m.3 

where Xj k m k {k) is the spin function of the fc-th particle with the spin jk and z- 
projection and T™3™* i s defined by Eq. (1). The operator F is normalized 
to the unpolarized cross section as 

da = % -SpFF + . (16) 

(2ji + 1) (2j 2 + 1) P 1 ' 

3.1 Polarizaton transfer coefficients 

The spin-transfer coefficient is given by the following formula [12] 

SpFa x (l) F+ a K (3) 

Kx ~ SpTF^ ' (i7j 

where A, k — 0, ±1. For j 1 — j 3 — | we found from Eqs.(l), (14) and (17) the 
spin transfer coefficient in the following general form 
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Ada Kl = 5 X ,_ K — Y, V( 2L + l ) i 2L ' + !) ( 25 + !) ( 25 ' + !) x 

27f SS'JJ'LL'Jo 

x (2 J + 1) (2 J' + 1) (_i)J'a+J4+s , +J'+i( 1 _ A 1 A| J 0) (L' L | J o 0) x 





f 

1 

2 


J2 


5 






> 

J' 


X < 








II 




> 






1 


i 

2 J 




[J! 


1 

2 J 



> < 



J' S' V 
1 1 Jo 



}a L Art S 'T- (18) 



Here we used the standard notations for the 6j-and 9j-symbols [15]. One can 
find from Eq.(18) the following relations 



-K 1 



-K y 

y 



(19) 



and K{ = at % ^ j, where i,j = x,y,z. We find also from Eq.(18) that 
there is no polarization transfer [K\ = 0, i,j = x,y,z) for S = S' = in 
accordance with above discussion. These coefficients equal to zero also for 
J = J' = 0. For the spin-triplet transitions S — S' — 1, we find from Eq. (18) 
that K% = Ry ^ and K$ = K z z ^ 0. 

As an example, let us consider the reaction with the minimal spins ji — |, i — 
1, 4. For the total isospin T = and parity n = +1 one has got S = 1. For 
this case Eq.(18) gives (using the notation a 1 } 1 = a,j) 



K'i 



K y 

y 



\V2a\ + a\ 


2 -ZRe{y/2a\ + a\)a 2 * 


3(|a? 


2 + 


a\ 


to 



K z 

z 





V2a1 + 


a 2 


to 


3(|a? 


2 + 


a 2 


IO 1 



(20) 
(21) 



The formulae (20) and (21) coincide with those obtained previously in Ref.[10] 
by a different method. For the case ofT = l7r = — 1 one has got S — 1. In 
this case Eq.(18) gives the following formulae 



K x = K v 



K'i 



V6Re 



i i* 
o °i 



,1 12 



3\a\ 



112' 



3 


a\ 


2 


K 


2 


+ 3 


a\ 


2 



(22) 
(23) 
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which coincide (except for notations) with those obtained recently in Ref. [11] 
in the cr-representation for the amplitude. For higher spins of the 4-th particle 
3a > §, Eq.(18) also gives non-zero coefficients K* and K z z , but the formulae 
are more cumbersome and thus we do not write them here. 



3.2 Spin-spin correlation coefficients 

For the spin-spin correlation coefficient, defined as [14] 

SpFa x (l)a K (2) F + 



we found for the case of j 1 — j 2 — \ 



SpFF+ 



(24) 



Ada n C 



o ^x, 



2tt 



]T (-1) S+J (2J + 1) ^{2S + l)(2S> + 1) x 



SS'J 



x (-1) L '(2J + l)y/2L'+ 1(1X1 - A|J 0) (J 0L'0|L0) x 

L L Jo 



X < 



S' S J 
L V J 



> < 



Ql 1 1 

D 2 2 

D 2 2 

Jo 1 1 



(25) 



We found from Eq. (25) the following relations: C + i,-i = C-i,+i = — Cx,x = 
-Cy,y + °> Co = C| ^ °> whereas = at i ^ j = x, y, z). 

One can see from Eq.(24) that the sum E = C XyX + + C Z:Z is equal to 
cr(l) • <t(2). Therefore E is fixed by the spin 5: E = — 3 for 5 = and E = +1 
for 5 = 1 in accordance with the above results given in Eqs.(12), (13) and (6). 
One can find from Eq.(25) that C XjX = C y>y = C ZtZ = — 1 for S — S' — 0. For 
S = S' = 1 we did not find here a transformation from the rather cumbersome 
formula (25) to more compact form of Eqs. (12) and (13). However, one can 
check by straightforward calculations that these formulae lead to the same 
result for the spin-triplet initial state. 
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4 Full spin structure for the reaction \ + \ — > \ + \ 

For completeness, in this section we give the full spin structure of the binary 
reaction at j± = ji = jz — H — \ discussed in part in Ref.flO]. For the case 
T = and ir = — 1 one has got S = 0, and the amplitude (1) can be written 

as 

Kltt = Jl y }xl^ 2 X { l )+ ) (xZ ] ^X»Sk a ^a\°. (26) 

When deriving Eq.(26) from Eq.(l) we used for the Clebsh-Gordan coeffi- 
cients the formulae given above after Eq.(2). The unpolarized cross section 
corresponding to the amplitude (26) takes the following form 




that is in agreement with Eq.(5). In order to calculate the polarized cross 
section we use the density matrix for the spin-| particle being in the pure spin 
state Xm m the following form 

X w xi = ^(l + *-Pi)- (28) 

Using Eqs.(28) and (26) one can write the cross section with polarized both 
initial and final particles as 

^(p 1 ,p 2 ;p3,p 4 ) = $|M/ ( l i ^| 2 = 
= ^da (1 - pi • pa) [1 + p 3 • P4 - 2(p 3 • k)(p 4 • k)]. (29) 

The polarization vectors of the final particles p 3 and p 4 are determined by the 
reaction amplitude (26) and can be found using the standard methods [12,14]. 
After performing this step and substituting obtained vectors p 3 and p 4 into 
Eq.(29), one can find the polarized cross section rfa(pi,p2) given by Eq.(6). 
However, the calculation of p 3 and p 4 is not necessarily and Eq.(29) is sufficient 
to find all spin observables for the reaction described by the amplitude (26). 
In particular, one can see from Eq.(29) that there is no polarization transfer 
in this reaction [K\ = 0, i,j = x,y,z), but there are spin-spin correlations 
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both in the initial and final states. 

For T = and n = +1 we have got S = 1, and the amplitude in Eq.(l) can 
be written as 

= E ixfrA xZ )+ ) (xZ )Z ^^)J^, (30) 

where IT Q is the following spin operator 

Tl a = G(T a + Fk a (<T-k) (31) 

(32) 

(33) 
the following 



with 



G 



and 



a?. 



/8tF 1 



The cross section with polarized initial and final particles is 



d<7(pi, P2 ; p 3 , p 4 ) = $ \M^ 2 \ 2 = Yl l S P{^ (1 - <r ■ p 4 ) ^(1 + <T • p 3 )} x 

a/3=x,y,z 

x±Sp{Tl+ (1 + cT- pa) 11,(1 - <r • Pl )}. (34) 
Calculating the traces in Eq. (35), one can find finally 



<MPi, P2; Ps, P 4 ) = {|Gf(l + Pl • pa) (3 + p 3 • p 4 ) + 



16 

+ [(|F| 2 + 2ReFG*)(l + Pl • p 2 ) - 2|F| 2 ( Pl • k)(p 2 • k)] [1 - 2(p 3 • k)(p 4 • k) + p 3 • p 4 ] - 
-2|G| 2 [(pi • p 2 )(l + p 3 • p 4 ) - (pi • P3 )(p 2 • p 4 ) - (P2 ' Ps)(Pi ' P 4 ) - 
-2ReGF*(p 2 • k) [( Pi • k)(l + p 3 • p 4 ) - (p 3 • k)(p 4 • Pl ) - (p 4 • k)(pi • p 3 )" - 
-2ReGF*( Pl • k) [(p 2 • k)(l + p 3 • p 4 ) - (p 3 • k)(p 4 • p 2 ) - (p 4 • k)(p 2 • p 3 )' - 
-2 ImFG* ([ Pl x k](p 2 • k) + ( Pl • k) [ P2 x k]) • (p 3 + p 4 ) + 
+2ImFG* (p 3 • k)([k x ( Pl + p 2 )] • p 4 ) + 2ImFG* (p 4 • k)([k x ( Pl + P2 )] • p 3 ) + 
+2(|Gf + ReFG*)( Pl + p 2 ) • (p 3 + p 4 ) - 2ReFG*( Pl • k + P2 • k)(p 3 • k + P4 • k)}. (35) 

The unpolarized cross section for this case is 

da = U> {\G + F| 2 + 2|G| 2 } = ^3(|a?| 2 + |a 2 | 2 ). (36) 
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Using Eq. (36), one can find from Eq.(35) all spin observables for this reaction. 
For example, one can see that the spin-spin correlation coefficients Cij and 
spin transfer coefficients K{ obtained from Eq.(35) coincide with those given 
by Eqs. (12,13) and Eqs. (20,21), respectively. 

5 Conclusion 

The obtained formulae (6), (12), (13), (18) and (25) allow us to conclude that 
for S — 1 (i) the spin-spin correlation coefficient C y>y is always non-negative, 
and (ii) spin transfer coefficients K*j and K z z are non-zero in the reaction in 
question 1 + 2^3 + 4 at the threshold independently on the spin j 4 of the 
4-th particle. On the contrary, for 5 = 0, the spin-spin correlation coefficients 
C x , x — Cy^y = C ZtZ equal to —1 and all the spin transfer coefficients equal to 
zero. This conclusion is a generalization of the previous results [10,11] found for 
the case of j±= \. The obtained result allows one to determine unambiguously 
the P-parity of the + by measurement of either C y>y or K% (or Kf) in the 
reaction pp — > S + + . The total isospin of this channel is fixed, T — 1, 
therefore the spin S of the initial nucleons is directly related to the P-parity 
7Te of the + : (— l) s = ttq. In the reaction pn — > A°0 + one has got either 
(— l) 5 = — 7Te, if the isospin of the + is even (Iq = 0, 2), or (— l) s = tiq, 
if I@ = 1. Therefore, both the P-parity and the isospin of the @ + can be 
determined unambiguously by combined measurement of C y>y or (or K z z ) 
in these two reactions. 

Acknowledgment. 1 am thankful to S.N. Dymov, A.E. Dorokhov, S.B. Gerasi- 
mov, V.I. Komarov, H. Stroher and O.P. Teryaev for stimulating discussions. 
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